A new kind of deformed calculus was introduced recently in studying of parabosonic coordinate representation. Based on this deformed calculus, a new deformation of Legendre polynomials is proposed in this paper, some properties and applications of which are also discussed.
where a † and a are parabose creation and annihilation operators respectively, can be replaced by [6] [a, a † ] = 1 + (p − 1)R, {R, a} = {R, a † } = 0, R 2 = 1,
where R is a reflection operator and p is the paraquantization order (p = 1, 2, 3, ...). Obviously, the bilinear commutation relations (2) may be treated as some kind of deformation of the ordinary Bose commutator with deformation parameter p. ¿From the experience of studying q-deformed oscillators [7] , we know that it will be very useful if one introduces corresponding deformed calculus to analyse this parabose system. This was done recently and based on the new deformed calculus, the parabosonic coordinate representation was developed [8] . Since special functions play important roles in mathematical physics, it is reasonable to imagine that some deformation of the ordinary special functions based on the new deformed calculus will also play similar roles in studying the parabose systems. In this paper, we introduce a new kind of deformation for the ordinary Legendre polynomials and demonstrate its properties. As an example of applications of these deformed Legendre polynomials, we discuss excitations on a parabose squeezed vacuum state and calculate norm of the excitation states.
The paper is organized as follows. In Section 2, for the sake of selfcontained of the present paper, we briefly mention the basic idea of the new kind of deformed calculus. The deformed Legendre polynomials and relevant differential expressions are introduced in section 3. Sections 4 and 5 are devoted to demonstration of orthonormality of the deformed Legendre polynomials and their recursion relations respectively. In section 6, we show that the deformed Legendre polynomials can be used to normalize the excitation states on a squeezed vacuum state for single parabose mode. There are also some discussions and remarks in the last section.
Deformed calculus related to parabosonic coordinate representation
It is well-known that parabose algebra is characterized by the double commutation relations (1) . If one demands that the usual relations
still work for the parabose case, where x and P stand for the coordinate and momentum operator respectively, it can be proved that the most genaral expression for the momentum operator P in the coordinate x diagonal representation is of [5] [8]
where p is the paraquantization order and R the reflection operator which has property Rf (x) = f (−x) in the coordinate representation for any x dependent function f (x). From (4) a new derivative operator D can be defined which acts on function f (x) as
where (5) implies that D acts on an even function f e (−x) = f e (x) as the ordinary derivative Df e (x) = d f e (x), and D acts on an odd function [7] , such that when q → 1, [n] q → n, in the present case, one can introduce a new kind of deformed number system which is defined by
Obviously, [2k] = 2k, [2k + 1] = 2k + p for any integer k and when p → 1, [n] → n. So paraquantization order p may be referred to as a deformation parameter. In terms of the number system [n], basis vectors of Fock space for single mode of parabose oscillators take the usual form
where
and |0 is the unique vacuum vector satisfying a|0 = 0, aa † |0 = p|0 . Generalization of the ordinary differential relation dx n = nx n−1 reads
which reveals the effect of the deformed derivative operator D on the polynomials of x. It is worthy of metion that in some special situation the usual Leibnitz rule also works for the deformed operator D
where either f (x) or g(x) is an even function of x.
Of course, inversion of the deformed derivative operator D also leads to a new deformed integration which may be formally written as [8] DxF
¿From this expression, it is easily seen that if F (x) is an odd function of x, its deformed integration will reduce to the ordinary integration, that is,
x). Corresponding to Eq. (8), one has
where c is an integration constant. Eq.(10) gives a formal definition for the deformed integration in the sence of indefinite integral. For definite integral, we have
is an even function of x, one has a formula of integration by parts from Eq.(9)
3 Defprmed Legendre polynomials and their differential expressions
Let us consider solutions of deformed Legendre equation based on the deformed derivative operator D defined in the previous section
or according to Eq.(9), the deformed Legendre equation is equivalent to
In terms of the ordinary derivative notation, Eq. (14) can be rewriiten as
which will reduce to the usual Legendre equation when p → 1. We find out that when the parameter µ takes eigenvalues µ = [n][n + 1], n = 0, 1, 2, 3, ..., for each given paraquantization order p, the deformed Legendre equation has bounded solutions (eigenfunctions) within a whole closed interval −1 ≤ x ≤ 1 which form a set of orthonormal functions in the interval. In fact, it is not difficult to see that the following polynomials
where [k] ′ in the above of summation notation stands for the largest integer smaller than or equal to k, are the desired solutions of the deformed Legendre equation for µ = [n][n + 1] which will reduce to the usual Legendre polynomials when p → 1. One can substitute Eq.(17) into the deformed Legendre equation and check coefficients of all powers of x being zero. So the polynomials (17) may be considered as a deformation of the usual Legendre polynomials. The first few polynomials of P n (x) have the following explicit forms Also from Eq.(17) we know that P n (−x) = (−) n P n (x), which means that the deformed Legendre polynomial P n (x) has its parity (−) n . We would like to point out a differential expression for the deformed Legendre polynomials P n (x) to conclude this short section
which is similar to Rodrigues formula for the ordinary Legendre polynomials and can be proved straightforwardly.
Orthonormality of P n (x)
Firstly we show the orthogonality of the deformed Legendre polynomials
For n + m odd case, Eq.(20) works obviously. In fact, from the parity of P n (x) we have P n (−x)P m (−x) = (−) n+m P n (x)P m (x) = −P n (x)P m (x), which means that the deformed integration in Eq.(20) will reduce to an ordinary integration with an odd integrand P n (x)P m (x) over an interval of integration [−1, 1], therefore the integration should be zero. For n + m even case, P n (x) and P m (x) satisfy the following equations
respectively, where
. Multiplying Eq. (21) and Eq. (22) by P m (x) and P n (x) respectively, and substracting the resulting equations, then integrating it over [−1, 1], we have
Since the first integration in Eq.(23) satisfies condition of the deformed integration by parts either for n and m are all even or all odd, we can write it as
here we have used a fact that P n (x), P m (x) and their deformed derivatives are all polynomials of x and are bounded at x = ±1 for a fixed paraquantization order p. Noticing that µ n = µ m , so Eq. (20) is proved. Then we calculute integration
Substituting Eq.(19) into this integration, we have
Noticing that the integration (26) also satisfies the condition of the deformed integration by parts no matter what non-negative integer n is, we get
It is not difficult to see that for m ≤ n,
Continuing the procedure of integration by parts, at last we arrive at
Using Eq. (11) we can rewrite the integral in the right-hand side of Eq.(27) as
where C k n = n! k!(n−k)! . Substituting this result into Eq.(27) we obtain
which is called the norm of P n (x). Combining Eqs. (20)and (28) we have
Thus we demonstrated the orthonormality of the deformed Legendre polynomials P n (x).
Recursion relations of P n (x)
There are some definite relations between neighbouring deformed Legendre polynomials and their derivatives which are called recursion relations of P n (x). The main recursion relations are the following three:
It is straightforward to prove these relations by virtue of the definition (17) and the deformed differential relation (8) . For instance, one can substitute (17) into (30) and obtain a polynomial of x, then calculate coefficient for each power of x and find that all of these coefficients will be zero, thus relation (30) is true. Similarly, one can convince oneself that relations (31) and (32) also work. Based on the above three relations, one has more recursion relations for the deformed Legendre polynomials
Obviously, these recursion relations will reduce to ones of the usual Legendre polynomials when p → 1.
The above recursion relations are very useful for calculating deformed integrations with the deformed Legendre polynomials such as
Dx xP m (x)P n (x).
¿From Eq.(30), one has
Furthermore, by virtue of the orhtonormality relation (29), one gets
Some application and discussion
As an application of the deformed Legendre polynomials P n (x), we want to point out that there exist some states in parabose radiation field whose normalizing factors are related to P n (x). To see this, let us consider excitations on a parabose squeezed vacuum state for a single mode case. Denoting |r, 0 = S(r)|0 as the parabose squeezed vacuum state (r is a real number), where S(r) = (sech r) p/2 exp 1 2 (a † ) 2 tanh r , we introduce
as such kind of excitation states. It is easily to see that the parabose squeezed vacuum state |r, 0 is normalized ( r, 0|r, 0 = 1) and the parabose squeezed excitation states have not been normalized. In order to normalize these states, we would like to prove by induction r, m|r, m = [m]!(cosh r) m P m (cosh r),
Substituting ( and using the recursion relation (30) for P n (x), we finally arrive at (36). Thus we see that the deformed Legendre polynomials indeed can be used to normalize the excitation states on a squeezed vacuum state for a single parabose mode. In summary, we introduced a new kind of deformation for the usual Legendre polynomials and discussed their main preperties in this paper. These deformed Legendre polynomials may have some applications in studying parabose systems. For instance, they can be used to describe excitations on a parabose squeezed vacuum state. Comparing with the case of ordinary Legendre polynomials, one will naturally ask a question: is there any genarating function of the deformed Legendre polynomials and what it is? Work for answering these questions is on progress.
